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Theory

The Extreme principle 1 is a methodology, a useful problem solving tactics,
that focuses on finding a solution with some extreme property among all
possible candidates. Very often, this means finding the smallest or largest
value. Afterwards, the extreme solution is used to construct a proof while
making use of the simplified conditions that it provides.
When solving a problem, there can be found various clues that suggest that
the Extreme principle may be applicable to find a solution:
• The possible set of values is bounded (so that there exist a value that
is closest to the boundary)
• The values in a problem are distinct
• There is a monovariant 2 or invariant 3 in a problem.
Using Extreme principle should become more clear by looking into some
examples, so let’s have a look.
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property that only changes in one direction; e.g. non-decreasing property
3
property whose value remains constant
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Examples

Example 1. There is n sheep standing on a pasture, such that the distances
between all pairs of them are distinct. Each one of tbhem is peacefully
chewing grass waiting for the shepherd dog to bark. After the dog barks,
every sheep will start to stare at the nearest sheep. Show that after the bark,
there is a pair of sheep awkwardly staring at each other.
Proof. Consider the smallest distance between two sheep (there must be such,
since there is only finitely many sheep). For these two, the nearest sheep to
them is the other one and thus they will choose to stare at each other.
Example 2 (Infinite number of primes). Prove that there is infinitely many
primes.
Proof. By contradiction. Suppose there is only a finite number of primes.
Let p1 , p2 , p3 , ..., pn be all primes in increasing order and define number N as:
N = p1 · p2 · · · pn + 1
Notice, that N is coprime to every pi . Now, either N is prime itself, in which
case it must be larger than pn , or there exists a prime factor of N that is not
among p1 , p2 , ..., pn and thus is also larger than pn . This contradicts the fact
that pn is largest prime.
In this example, we made use of the largest prime (Extreme principle!).
Example 3. Show that there is no quadruple x, y, z, u of natural numbers
satisfying x2 + y 2 = 3(z 2 + u2 ).
Proof. By contradiction. Suppose there exists at least one solution for the
given equation. From all solutions (x, y, z, u), take the one for which sum
x + y + z + u is the smallest (we know, that such solution must exist, since
the set of natural numbers is lower-bounded).
Notice now, that x2 + y 2 ≡ 0 (mod 3). Since a square can only have remainders 0, 1 when divided by 3, the only case where this equation can hold is
x2 ≡ y 2 ≡ 0 (mod 3) (convince yourself). Hence x = 3k and y = 3l for some
natural numbers k, l.
Therefore:
(3k)2 + (3l)2 = 3(z 2 + u2 )
9k 2 + 9l2 = 3(z 2 + u2 )
3(k 2 + l2 ) = z 2 + u2
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At this point, we see that quadruple (z, u, k, l) is also a solution. Furthermore, z + u + k + l < z + u + 3k + 3l = z + u + x + y, which contradicts our
assumption that (x, y, z, u) was solution with the smallest sum.
Here, we conveniently used the minimal property of some solution (Extreme
principle!).
Example 4. There are n points given on a plane. Each three of them
determine a triangle whose area is at most 1. Show, that all points lie inside
a triangle whose area is at most 4.
Proof. From among all triples of points, let (A, B, C) be the triple that determines triangle with the largest area. Now consider line lA parallel to BC.
Notice that there are no points behind this line (denoted area in the picture).
If there was any point P in there, its distance from BC would be greater
than distance of A from BC, which would result in the area of triangle P BC
greater than the area of ABC. That would yield a contradiction.

Now define lines lB , lC in a same manner and denote K = lB ∩ lC ,
L = lA ∩ lC and M = lA ∩ lB . By the same arguments, we know that all
points must lie inside the interior of triangle KLM .
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Finally, just notice that segments AB, BC, AC are mid-segments of a triangle
KLM and they divide it into 4 congruent parts. Area of ABC is at most
one and thus area of KLM is at most 4, which is exactly what we wanted to
prove.
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Problems
Easy
1. Say you have finitely many red and blue points on a plane with the
interesting property: every line segment that joins two points of the
same color contains a point of the other color. Prove that all the points
lie on a single straight line.
2. Consider an infinite chessboard, the squares of which have been filled
with positive integers. Each of these integers is the arithmetic mean
of four of its neighbors [above, below, left, right]. Show that all the
integers are equal to each other.

Medium
3. 2n points are chosen in the plane such that no 3 are collinear. n are
coloured blue and n are coloured red. Prove that there is a way to join
the n red points to the n blue points by n line segments, such that no
two line segments cross.
4. For n > 1, the integers from 1 to n2 are placed in the cells of an n × n
chessboard. Show that there is a pair of horizontally, vertically, or
diagonally adjacent cells whose value differs by at least n + 1
5. Fifteen sheets of paper of various sizes and shapes lie on a desktop
covering it completely. The sheets may overlap and may even hang
over the edge. Show that five of the sheets may be removed so that the
remaining ten sheets cover at least 2/3 of the desktop.
6. There are n points in the plane, not all collinear. Prove that there
exists a line passing through exactly 2 points.
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7. Let m, n be possitive integers and a1 , a2 , ..., an be distinct elements of
{1, 2, ..., n} such that whenever ai + aj ≤ n for some i, j with 1 ≤ i ≤
j ≤ m, there exists k, 1 ≤ k ≤ m, with ai + aj = ak . Prove that
n+1
a1 + a2 + ... + am
≥
m
2

Difficult
8. (a) Let p(x) be a polynomial such that for all x, p(x) + p0 (x) ≥ 0. Does
it follow that for all x, p(x) ≥ 0?
(b) Suppose p(x) is a smooth function, but not necessarily a polynomial.
Does the answer to (a) change?
9. Prove that a cube cannot be divided (cubed ) into finite number of
distinct smaller cubes. What about hypercubing a hypercube?
(hint4 )
10. In the coordinate plane, prove that the vertices of a regular pentagon
cannot all have integer coordinates.
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it is possible to square a square.
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